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Structure of relative genus fields of cubic Kummer
extensions
S. AOUISSI, A. AZIZI, M. C. ISMAILI, D. C. MAYER and M. TALBI
Abstract: Let N = Q( 3
√
D, ζ3), where D > 1 is a cube free positive integer, K = Q(ζ3) be
the cyclotomic field containing a primitive cube root of unity ζ3, f the conductor of the abelian
extension N/K, and N∗ be the relative genus field of the Kummer extension N/K with Galois
group G = Gal(N/K). The aim of the present work is to find out all positive integers D and
conductors f such that Gal (N∗/N) ∼= Z/3Z×Z/3Z. This allows us to give rise, in our next paper
[2], to new phenomena concerning the chain Θ = (θi)i∈Z of lattice minima in the underlying pure
cubic subfield L = Q( 3
√
D) of N .
Keywords: Pure cubic field, relative genus field, group of ambiguous ideal classes, 3-rank, prim-
itive ambiguous principal ideals.
1 Introduction
LetN = Q( 3
√
D, ζ3), whereD > 1 is a cube free positive integer, K = Q(ζ3), where ζ3 is a primitive
cube root of unity, Cl3(N) be the 3-class group of N , N
(1)
3 be the maximal abelian unramified
3-extension of N , f the conductor of the abelian extension N/K and m its multiplicity. Let N∗
be the maximal abelian extension of K contained in N (1)3 , which is called the relative genus field
of N/K (see [8], [7] or [9]).
One tries to determine the unramified 3-sub-extensions of N (1)3 /N and then, according to class
field theory, extract information about Cl3(N), its rank, and the class field tower of N . One way
to do this is by asking for the structure of the relative genus field N∗ of N/K. In our recent
work [1], we implemented Gerth’s methods [8] and [7] for determining the rank of the group
of ambiguous ideal classes of N/K and obtained all integers D for which Gal(N∗/N) ∼= Z/3Z.
The purpose of the present work is to find all positive integers D and conductors f such that
Gal(N∗/N) ∼= Z/3Z× Z/3Z. In fact, we shall prove the following Main Theorem:
Theorem 1.1. Let N = Q( 3
√
D, ζ3), where D is a cube free positive integer, K = Q(ζ3), and N∗
the genus field of N/K. Then Gal(N∗/N) ∼= Z/3Z × Z/3Z if and only if the integer D can be
written in one of the following forms:
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D =

3epe1 6≡ ±1 (mod 9) with p ≡ 1 (mod 9),
pe1qf1 with p ≡ −q ≡ 1 (mod 9),
pe1qf1 6≡ ±1 (mod 9) with p 6≡ 1 (mod 9) or q 6≡ −1 (mod 9),
pe11 p
e2
2 ≡ ±1 (mod 9) such that ∃i ∈ {1, 2} | pi 6≡ 1 (mod 9),
3epe1qf1 6≡ ±1 (mod 9) with p 6≡ 1 (mod 9) or q 6≡ −1 (mod 9),
pe1qf11 q
f2
2 ≡ ±1 (mod 9) with p ≡ 1 (mod 9) and q1, q2 ≡ 2 or 5 (mod 9),
pe1qf11 q
f2
2 ≡ ±1 (mod 9) with p,−q1,−q2 ≡ 4 or 7 (mod 9),
pe1qf11 q
f2
2 ≡ ±1 (mod 9) with p,−q2 ≡ 4 or 7 (mod 9) and q1 ≡ −1 (mod 9),
3eqf11 q
f2
2 6≡ ±1 (mod 9) with q1 ≡ q2 ≡ −1 (mod 9),
qf11 q
f2
2 q
f3
3 with q1 ≡ q2 ≡ q3 ≡ −1 (mod 9),
qf11 q
f2
2 q
f3
3 6≡ ±1 (mod 9) such that ∃i ∈ {1, 2, 3} | qi 6≡ −1 (mod 9),
3eqf11 q
f2
2 q
f3
3 6≡ ±1 (mod 9) such that ∃i ∈ {1, 2, 3} | qi 6≡ −1 (mod 9),
qf11 q
f2
2 q
f3
3 q
f4
4 ≡ ±1 (mod 9) such that ∃i ∈ {1, 2, 3, 4} | qi 6≡ −1 (mod 9),
(1)
where e, e1, e2, f1, f2, f3 and f4 are positive integers equal to 1 or 2.
As opposed to the radicands D of the shape in [1, Thm. 1.1], the possible prime factorizations
of D in our main Theorem 1.1 are more complicated and give rise to new phenomena concerning
the chain Θ = (θi)i∈Z of lattice minima [16], [17], [18] in the underlying pure cubic subfield
L = Q( 3
√
D) of N . Our main results will be continuous in [2] by giving criteria for the occurrence
of generators of primitive ambiguous principal ideals (α) ∈ PGN/PK among the lattice minima
Θ = (θi)i∈Z of the underlying pure cubic field L = Q( 3
√
D), and explaining exceptional behavior of
the chain Θ for certain radicands D with impact on determining the principal factorization type
of L and N by means of Voronoi’s algorithm.
In section 2, we give Theorem 2.1 and Theorem 2.2 which show that pure cubic fields L = Q( 3
√
D)
can be collected in multiplets (L1, . . . , Lm) sharing a common conductor f with multiplicity m
and a common type of ambiguous class group Cl(σ)3 (N) of N . At the beginning of section 3, where
Theorem 1.1 is proved, we restrict ourselves to those results that will be needed in this paper.
More information on 3-class groups can be found in [8], [7], [6], [11], [12], [13], and [14]. For the
prime decomposition in a pure cubic field Q( 3
√
D), we refer the reader to the papers [5], [4], [3],
and [15], and for the prime ideal factorization rules of Q(ζ3), we refer to [10]. In section 4, we
present a numerical Examples concerning the structure of the 3-class groups of pure cubic fields
L and of their Galois closures N in the case where conductors f are with splitting prime divisors.
Notations:
• p and q are prime numbers such that p ≡ 1 (mod 3) and q ≡ −1 (mod 3);
• L = Q( 3√D) is a pure cubic field, where D > 1 is a cube free positive integer;
• K = Q(ζ3), where ζ3 = e2ipi/3 denotes a primitive third root of unity;
• N = Q( 3√D, ζ3) is the normal closure of L;
• f is the conductor of the abelian extension N/K;
• 〈τ〉 = Gal(N/L) such that τ2 = id, τ(ζ3) = ζ23 and τ( 3
√
D) = 3
√
D;
• 〈σ〉 = Gal(N/K) such that σ3 = id, σ(ζ3) = ζ3, σ( 3
√
D) = ζ3
3
√
D and τσ = σ2τ ;
• λ = 1− ζ3 and pi are prime elements of K;
• q∗ = 1 or 0 according to whether ζ3 is or is not norm of an element of N \ {0};
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• t denotes the number of prime ideals ramified in N/K.
• For an algebraic number field F :
– OF , EF : the ring of integers and the group of units of F ;
– Cl3(F ), F
(1)
3 : the 3-class group and the Hilbert 3-class field of F .
2 Conductors of N/K and their multiplicities
Before we give the proof of Theorem 1.1 in § 3, we devote the present section to an overview of
the special properties of pure cubic fields L = Q( 3
√
D) possessing the radicands D of the shapes
listed in equation (1) of the previous introduction § 1.
2.1 Conductors with splitting prime divisors
Let’s start with giving more details concerning the leading eight lines of equation (1) in our
Theorem 1.1, where D is divisible by a prime p1 ≡ 1 (mod 3) which splits in K.
Theorem 2.1. Let the conductor of N/K be f = 3e · `1 · · · `n with 0 ≤ e ≤ 2, n ≥ 1, and pairwise
distinct primes `j 6= 3 for 1 ≤ j ≤ n. Briefly denote the multiplicity of f by m := m(f). Assume
that `j ≡ 1 (mod 3) for at least one 1 ≤ j ≤ n. Then, rank (Cl(σ)3 (N)) = 2 ⇐⇒ L belongs to one
of the following multiplets, where `1 = p1 ≡ 1 (mod 3), `2 = p2 ≡ 1 (mod 3), `3 = q1 ≡ −1 (mod 3),
and `4 = q2 ≡ −1 (mod 3).
(1) doublets with m = 2 of type (α, α) or (γ, γ) such that f = 9p1 with p1 ≡ 1 (mod 9),
(2) doublets with m = 2 of type (α, α) or (γ, γ) such that f = p1q1 with p1 ≡ −q1 ≡ 1 (mod 9),
(3) doublets with m = 2 of type (α, α) such that f = 3p1q1 with (p1 ≡ 1 (mod 9) and q1 ≡
2, 5 (mod 9)) or (p1 ≡ 4, 7 (mod 9) and q1 ≡ −1 (mod 9)),
(4) singulets with m = 1 of type α such that f = p1p2 with p1 ≡ p2 ≡ 4, 7 (mod 9),
(5) quartets with m = 4 of type (α, α, α, α) such that f = 9p1q1 with p1 6≡ 1 (mod 9) or q1 6≡
−1 (mod 3),
(6) doublets with m = 2 of type (α, α) such that f = p1q1q2 with p1 ≡ 1 (mod 9) and q1 ≡ q2 ≡
2, 5 (mod 9),
(7) doublets with m = 2 of type (α, α) such that f = p1q1q2 with p1 ≡ −q1 ≡ −q2 ≡ 4, 7 (mod 9)
and q2 ≡ 2, 5 (mod 9).
(8) doublets with m = 2 of type (α, α) such that f = p1q1q2 with p1 ≡ −q1 ≡ 4, 7 (mod 9) and
q2 ≡ −1 (mod 9).
There exist infinitely many multiplets with conductors of all these shapes (1)–(8).
Proof. The multiplicity m(f) of each conductor is calculated by means of [1, Thm. 2.2, p. 5],
using the sequence (Xk)k≥−1 = ( 12 , 0, 1, 1, 3, 5, 11 . . .):
(1) For D = 3epe11 6≡ ±1 (mod 9) with p1 ≡ 1 (mod 9), we have f = 32p1 of species 1a, we must
take into consideration that u = 1, v = 0, where u and v are the numbers defined in [1, Thm.
2.2, p. 5], and we obtain m(f) = 2n = 2, a doublet. The equivalence of the rank condition
rank (Cl
(σ)
3 (N)) = 2 to this shape of conductor will be proved in §§ 3.1.1 and in §§ 3.4.1.
(2) For D = pe11 q
f1
1 with p1 ≡ −q1 ≡ 1 (mod 9), we have f = p1q1 of species 2, we must take into
consideration that u = 2, v = 0, and we obtain m(f) = 2u ·Xv−1 = 22 · 12 = 2, a doublet.
The equivalence of the rank condition rank (Cl(σ)3 (N)) = 2 to this shape of conductor will
be proved in §§ 3.2.1 and in §§ 3.4.2.
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(3) For D = pe11 q
f1
1 6≡ ±1 (mod 9) with (p1 ≡ 1 (mod 9) and q1 ≡ 2, 5 (mod 9)) or (p1 ≡
4, 7 (mod 9) and q1 ≡ −1 (mod 9), we have f = 3p1q1 of species 1b, we must take into
consideration that u = 1, v = 1, and we obtain m(f) = 2u ·Xv = 2 · 1 = 2, a doublet. The
equivalence of the rank condition rank (Cl(σ)3 (N)) = 2 to this shape of conductor will be
proved in §§ 3.2.1 and in §§ 3.4.3.
(4) For D = pe11 p
e2
2 ≡ ±1 (mod 9) such that pi 6≡ 1 (mod 9) for i ∈ {1, 2}, we have f = p1p2
of species 2, we must take into consideration that u = 0, v = 2, and we obtain m(f) =
2u ·Xv−1 = 1 · 1 = 1, a singulet. The equivalence of the rank condition rank (Cl(σ)3 (N)) = 2
to this shape of conductor will be proved in §§ 3.3.2 and in §§ 3.4.4.
(5) For D = 3epe11 q
f1
1 6≡ ±1 (mod 9) with p1 6≡ 1 (mod 9) or q1 6≡ −1 (mod 9), we have f = 32p1q1
of species 1a, and we obtain m(f) = 2n = 22 = 4, a quartet, independently of u and v. The
equivalence of the rank condition rank (Cl(σ)3 (N)) = 2 to this shape of conductor will be
proved in §§ 3.2.1 and in §§ 3.4.5.
(6) For D = pe11 q
f1
1 q
f2
2 ≡ ±1 (mod 9) with p1 ≡ 1 (mod 9) and q1, q2 ≡ 2 or 5 (mod 9), we have
f = p1q1q2 of species 2, we must take into consideration that u = 1, v = 2, and we
obtain m(f) = 2u · Xv−1 = 2 · 1 = 2, a doublet. The equivalence of the rank condition
rank (Cl
(σ)
3 (N)) = 2 to this shape of conductor will be proved in §§ 3.3.1 and in §§ 3.4.6.
(7) For D = pe11 q
f1
1 q
f2
2 ≡ ±1 (mod 9) with p1,−q1,−q2 ≡ 4 or 7 (mod 9), we have f = p1q1q2
of species 2, we must take into consideration that u = 1, v = 2, and we obtain m(f) =
2u ·Xv−1 = 2 · 1 = 2, a doublet. The equivalence of the rank condition rank (Cl(σ)3 (N)) = 2
to this shape of conductor will be proved in §§ 3.3.1 and in §§ 3.4.7.
(8) For D = pe11 q
f1
1 q
f2
2 ≡ ±1 (mod 9) with p1,−q2 ≡ 4 or 7 (mod 9) and q1 ≡ −1 (mod 9), we
have f = p1q1q2 of species 2, we must take into consideration that u = 1, v = 2, and we
obtain m(f) = 2u · Xv−1 = 2 · 1 = 2, a doublet. The equivalence of the rank condition
rank (Cl
(σ)
3 (N)) = 2 to this shape of conductor will be proved in §§ 3.3.1 and in §§ 3.4.8.
The principal factorization type is a consequence of the estimates in [1, Thm. 2.1, p. 4]. Since
s = 1, we have 1 ≤ R ≤ 1 = 1 and type α may generally occur. For items (1) and (2), we have
t ≥ 2 and thus 1 ≤ A ≤ 2 − 1 = 1, which discourages type β, but type γ may occur. For items
(3)–(8), there exists a prime factor p1 ≡ 4, 7 (mod 9), and type γ is impossible, because ζ3 can be
norm of a unit in N only if the prime factors of f are 3 or `j ≡ 1, 8 (mod 9).
All claims on the infinitude of the various sets of conductors f are a consequence of Dirichlet’s
theorem on primes in arithmetic progressions.
2.2 Conductors without splitting prime divisors
Now we give more details concerning the leading fifth lines of equation (1) in our Theorem 1.1,
where D is only divisible by primes qj ≡ −1 (mod 3) which do not split in K.
Theorem 2.2. Let the conductor of N/K be f = 3e · `1 · · · `n with 0 ≤ e ≤ 2, n ≥ 1, and pairwise
distinct primes `j 6= 3 for 1 ≤ j ≤ n. Briefly denote the multiplicity of f by m := m(f). Assume
that `j ≡ −1 (mod 3) for all 1 ≤ j ≤ n. Then, rank (Cl(σ)3 (N)) = 2 ⇐⇒ L belongs to one of the
following multiplets, where `j = qj ≡ −1 (mod 3).
(1) quartets with m = 4 of type (β, β, β, β) or (γ, γ, γ, γ) such that f = 9q1q2 with q1 ≡ q2 ≡
−1 (mod 9),
(2) quartets with m = 4 of type (β, β, β, β) or (γ, γ, γ, γ) such that f = q1q2q3 with q1 ≡ q2 ≡
q3 ≡ −1 (mod 9),
(3) quartets with m = 4 of type (β, β, β, β) such that f = 3q1q2q3 with (q1 ≡ q2 ≡ −1 (mod 9)
and q3 ≡ 2, 5 (mod 9)) or (q1 ≡ −1 (mod 9) and q2 ≡ q3 ≡ 2, 5 (mod 9)),
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(4) triplets with m = 3 of type (β, β, β) such that f = 3q1q2q3 with q1 ≡ q2 ≡ q3 ≡ 2, 5 (mod 9),
(5) octets with m = 8 of type (β, β, β, β, β, β, β, β) such that f = 9q1q2q3 with ∃i ∈ {1, 2, 3}|qi 6≡
−1 (mod 9),
(6) quartets with m = 4 of type (β, β, β, β) such that f = q1q2q3q4 with q1 ≡ q2 ≡ −1 (mod 9)
and q3 ≡ q4 ≡ 2, 5 (mod 9),
(7) doublets with m = 2 of type (β, β) such that f = q1q2q3q4 with q1 ≡ −1 (mod 9) and q2 ≡
q3 ≡ q4 ≡ 2, 5 (mod 9),
(8) triplets with m = 3 of type (β, β, β) such that f = q1q2q3q4 with q1 ≡ q2 ≡ q3 ≡ q4 ≡
2, 5 (mod 9).
There exist infinitely many multiplets with conductors of all these shapes (1)–(8).
Proof. The multiplicity m(f) of each conductor is calculated by means of [1, Thm. 2.2, p. 5],
using the sequence (Xk)k≥−1 = ( 12 , 0, 1, 1, 3, 5, 11 . . .):
(1) For D = 3eqf11 q
f2
2 6≡ ±1 (mod 9) with q1 ≡ q2 ≡ −1 (mod 9), we have f = 32q1q2 of species 1a,
we must take into consideration that u = 2, v = 0, and we obtain m(f) = 2n = 4, a quartet.
The equivalence of the rank condition rank (Cl(σ)3 (N)) = 2 to this shape of conductor will
be proved in §§ 3.1.2 and in §§ 3.4.9.
(2) For D = qf11 q
f2
2 q
f3
3 with q1 ≡ q2 ≡ q3 ≡ −1 (mod 9), we have f = q1q2q3 of species 2, we must
take into consideration that u = 3, v = 0, and we obtain m(f) = 2u · Xv−1 = 23 · 12 = 4,
a quartet. The equivalence of the rank condition rank (Cl(σ)3 (N)) = 2 to this shape of
conductor will be proved in §§ 3.2.2 and in §§ 3.4.10.
(3) ForD = qf11 q
f2
2 q
f3
3 6≡ ±1 (mod 9) such that with (q1 ≡ q2 ≡ −1 (mod 9) and q3 ≡ 2, 5 (mod 9))
or (q1 ≡ −1 (mod 9) and q2 ≡ q3 ≡ 2, 5 − 1 (mod 9)), we have f = 3q1q2q3 of species 1b,
we must take into consideration that (u = 2 and v = 1) or (u = 1 and v = 2), and in the
two cases we obtain m(f) = 2u ·Xv = 4, a quartet. The equivalence of the rank condition
rank (Cl
(σ)
3 (N)) = 2 to this shape of conductor will be proved in §§ 3.2.2 and in §§ 3.4.11.
(4) For D = qf11 q
f2
2 q
f3
3 6≡ ±1 (mod 9) with q1 ≡ q2 ≡ q3 ≡ 2, 5 (mod 9), we have f = 3q1q2q3
of species 1b, we must take into consideration that u = 0, v = 3, and we obtain m(f) =
2u ·Xv = 1 · 3 = 3, a triplet. The equivalence of the rank condition rank (Cl(σ)3 (N)) = 2 to
this shape of conductor will be proved in §§ 3.2.2 and in §§ 3.4.11.
(5) For D = 3eqf11 q
f2
2 q
f3
3 6≡ ±1 (mod 9) such that ∃i ∈ {1, 2, 3} | qi 6≡ −1 (mod 9), we have
f = 9q1q2q3 of species 1a, and we obtain m(f) = 2n = 8, a octet, independently of u and v.
The equivalence of the rank condition rank (Cl(σ)3 (N)) = 2 to this shape of conductor will
be proved in §§ 3.2.2 and in §§ 3.4.12.
(6) For D = qf11 q
f2
2 q
f3
3 q
f4
4 ≡ ±1 (mod 9) with q1 ≡ q2 ≡ −1 (mod 9) and q3 ≡ q4 ≡ 2, 5 (mod 9),
we have f = q1q2q3q4 of species 2, we must take into consideration that u = 2, v = 2, and
we obtain m(f) = 2u ·Xv−1 = 22 · 1 = 4, a quartet. The equivalence of the rank condition
rank (Cl
(σ)
3 (N)) = 2 to this shape of conductor will be proved in §§ 3.3.3 and in §§ 3.4.13.
(7) For D = qf11 q
f2
2 q
f3
3 q
f4
4 ≡ ±1 (mod 9) such thatq1 ≡ −1 (mod 9) and q2 ≡ q3 ≡ q4 ≡
2, 5 (mod 9), we have f = q1q2q3q4 of species 2, we must take into consideration that u = 1,
v = 3, and we obtain m(f) = 2u ·Xv−1 = 2 · 1 = 2, a doublet. The equivalence of the rank
condition rank (Cl(σ)3 (N)) = 2 to this shape of conductor will be proved in §§ 3.3.3 and in
§§ 3.4.13.
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(8) For D = qf11 q
f2
2 q
f3
3 q
f4
4 ≡ ±1 (mod 9) such that q1 ≡ q2 ≡ q3 ≡ q4 ≡ 2, 5 (mod 9), we have
f = q1q2q3q4 of species 2, we must take into consideration that u = 0, v = 4, and we
obtain m(f) = 2u · Xv−1 = 1 · 3 = 3, a triplet. The equivalence of the rank condition
rank (Cl
(σ)
3 (N)) = 2 to this shape of conductor will be proved in §§ 3.3.3 and in §§ 3.4.13.
The principal factorization type is a consequence of the estimates in [1, Thm. 2.1, p. 4]. Since
s = 0, we have 0 ≤ R ≤ 0 and type α is generally forbidden. For all cases, we have t ≥ 2 and
thus 1 ≤ A ≤ 2 − 0 = 2, which enables type β. For items (3)–(8), there exists a prime factor
q1 ≡ 2, 5 (mod 9), and type γ is impossible, because ζ3 can be norm of a unit in N only if the
prime factors of f are 3 or `j ≡ 1, 8 (mod 9). The latter condition is satisfied by items (1)–(2),
whence type γ may occur.
All claims on the infinitude of the various sets of conductors f are consequences of Dirichlet’s
theorem on prime numbers arising from invertible residue classes.
3 Proof of the Main Theorem 1.1
Let N = Q( 3
√
D, ζ3) be the normal closure of the pure cubic field L = Q( 3
√
D), where D > 1 is
a cube free positive integer, K = Q(ζ3), and Cl3(N) be the 3-class group of N . Let N (1)3 be the
maximal abelian unramified 3-extension of N . It is known that N (1)3 /K is Galois, and according
to class field theory:
Gal
(
N
(1)
3 /N
) ∼= Cl3(N). (2)
We denote by N∗ the maximal abelian extension of K contained in N (1)3 , which is called the
relative genus field of N/K (see [8], [7] or [9]).
It is known that the commutator subgroup of Gal
(
N
(1)
3 /K
)
coincides with Gal
(
N
(1)
3 /N
∗
)
and then:
Gal (N∗/K) ∼= Gal
(
N
(1)
3 /K
)
/Gal
(
N
(1)
3 /N
∗
)
.
Let σ be a generator of Gal (N/K), and let Cl1−σ3 (N) be the subgroup of Cl3(N) defined by
Cl1−σ3 (N) = {A1−σ/A ∈ Cl3(N)}, which is called the principal genus of Cl3(N). The fact that
N/K is abelian and that N ⊆ N∗ implies that Gal
(
N
(1)
3 /N
∗
)
coincides with Cl1−σ3 (N), by the
aid of the isomorphism (2) above, and by Artin’s reciprocity law.
Figure : The Galois correspondence between the principal
genus of Cl3(N) and the relative genus field of N/K:
N
(1)
3OO
{1}

N∗OO Gal(N
(1)
3 /N
∗) ' Cl1−σ3 (N)

N Gal(N
(1)
3 /N) ' Cl3(N)
Then Gal (N∗/N) ∼= Cl3(N)/Cl1−σ3 (N). Let Cl(σ)3 (N) = {A ∈ Cl3(N)/ Aσ = A} be the 3-group
of ambiguous ideal classes of N/K. Since the Sylow 3-subgroup of the ideal class group of K is
reduced to {1}, and by the exact sequence :
1 −→ Cl(σ)3 (N) −→ Cl3(N) 1−σ−→ Cl3(N) −→ Cl3(N)/Cl1−σ3 (N) −→ 1
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we see that Gal (N∗/N) ∼= Cl(σ)3 (N).
Assuming Gal (N∗/N) ∼= Z/3Z × Z/3Z. From Equation (3.2) of [7, p. 55], the integer D is
written in the following form:
D = 3e.pe11 ......p
ev
v p
ev+1
v+1 ....p
ew
w .q
f1
1 ...q
fI
I q
fI+1
I+1 ...q
fJ
J , (3)
where pi and qi are positive rational primes such that:
pi ≡ 1 (mod 9), for 1 ≤ i ≤ v,
pi ≡ 4 or 7 (mod 9), for v + 1 ≤ i ≤ w,
qi ≡ −1 (mod 9), for 1 ≤ i ≤ I,
qi ≡ 2 or 5 (mod 9), for I + 1 ≤ i ≤ J,
ei = 1 or 2, for 1 ≤ i ≤ w,
fi = 1 or 2, for 1 ≤ i ≤ J,
e = 0, 1 or 2.
Since rank (Cl(σ)3 (N)) = 2, then Lemma 3.1 of [7, p. 55] gives the following cases:
• Case 1: 2w + J = 2;
• Case 2: 2w + J = 3;
• Case 3: 2w + J = 4;
where w and J are defined in Equation (3). We shall treat the three cases above as follows:
3.1 Case 1:
In the case 1, 2w + J = 2, we either have (w = 1 and J = 0) treated in §3.1.1 or (w = 0 and
J = 2) treated in §3.1.2 .
3.1.1 Radicands divisible by one rational prime p ≡ 1 (mod 3)
If w = 1 and J = 0, then
D = 3epe1 ,
where p is a prime number such that p ≡ 1(mod3), e ∈ {0, 1, 2} and e1 ∈ {1, 2}. Then:
Species 2: If D ≡ ±1 (mod 9), then we necessary have p ≡ 1 (mod 9) and e = 0. So the integer
D can be written in the form D = pe1 , with p ≡ 1 (mod 9) and e1 ∈ {1, 2}. According to [1,
Thm.1.1, p. 1-2], rank (Cl(σ)3 (N)) = 1, which contradicts our hypothesis.
Species 1: If D 6≡ ±1 (mod 9), then according to [1, p. 15], the integer D is written in one of
the following forms:
d =
{
pe1 with p ≡ 4 or 7 (mod 9).
3epe1 6≡ ±1 (mod 9) with p ≡ 1 (mod 3).
where e, e1 ∈ {1, 2}.
Assume that D = pe1 or D = 3epe1 , with p ≡ 4 or 7 (mod 9), then by [1, Thm.1.1, p. 1-2], we
have rank (Cl(σ)3 (N)) = 1, which is a contradiction.
Hence, the possible form of D in this situation is:
D = 3epe1 6≡ ±1 (mod 9) with p ≡ 1 (mod 9).
where e, e1 ∈ {1, 2}, which is the first form of D in Theorem 1.1.
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3.1.2 Radicands not divisible by a rational prime p ≡ 1 (mod 3)
If w = 0 and J = 2, then
D = 3eqf11 q
f2
2 ,
with q1 ≡ q2 ≡ 2(mod 3), e ∈ {0, 1, 2} and f1, f2 ∈ {1, 2}, then:
Species 2: If D ≡ ±1 (mod 9), then according to [1, p.16], e = 0 and q1 ≡ q2 ≡ −1 (mod 9),
so rank (Cl(σ)3 (N)) = 1 by [1, Thm. 1.1, p. 1-2], which is a contradiction.
Species 1: If D 6≡ ±1 (mod 9). Assume that ∃i ∈ {1, 2} | qi 6≡ −1 (mod 9) such that D =
3eqf11 q
f2
2 6≡ ±1 (mod 9), with e ∈ {0, 1, 2}, f1, f2 ∈ {1, 2}, then according to [1, Thm. 1.1, p. 1-2]
we get rank (Cl(σ)3 (N)) = 1 which is a contradiction.
Thus, it remains only the form:
D = 3eqf11 q
f2
2 6≡ ±1 (mod 9), such that q1 ≡ q2 ≡ −1 (mod 9),
where e, f1, and f2 ∈ {1, 2}, which is the 9th form of D in Theorem 1.1.
3.2 Case 2:
In the case 2, 2w + J = 3, we either have (w = 1 and J = 1) treated in §3.2.1 or (w = 0 and
J = 3) treated in §3.2.2 .
3.2.1 Radicands divisible by one rational prime p ≡ 1 (mod 3)
If w = 1 and J = 1, then
D = 3epe1qf1 ,
where p and q are prime numbers such that p ≡ 1(mod3) and q ≡ 2 (mod 3), e ∈ {0, 1, 2} and
e1, f1 ∈ {1, 2}. Then:
Species 2: If D ≡ ±1 (mod 9):
1) If p ≡ 4 or 7 (mod 9) and q ≡ −1( mod 9), then according to [1, p.16] we get a contradiction.
2) If p ≡ −q ≡ 4 or 7 (mod 9), then according to [1, p. 16] we have D = pe1qf1 ≡ ±1
(mod 9), where e1, f1 ∈ {1, 2}. But in this case, rank (Cl(σ)3 (N)) = 1 by [1, Thm. 1.1, p.
1-2]. Rejected case.
3) If p ≡ −q ≡ 1 (mod 9), we get D ≡ ±3e (mod 9), so we have necessary e = 0. Then
D = pe1qf1 , where e1, f1 ∈ {1, 2}, which is the second form of D in Theorem 1.1.
4) If p ≡ 1 (mod 9) and q ≡ 2 or 5 (mod9), then by [1, p. 17] we get a contradiction.
Species 1: If D 6≡ ±1 (mod 9):
According to [8, § 5, p. 92], rank (Cl(σ)3 (N)) = t − 2 + q∗, where t and q∗ are defined in the
notations. Since p ≡ 1 (mod 3), then p = pi1pi2, where pi1 and pi2 are two primes of K such that
pi2 = pi
τ
1 and pi1 ≡ pi2 ≡ 1 (mod 3OK), and p is ramified in L, then pi1 and pi2 are ramified in N .
Also q ramifies in L and −q = pi is a prime in K. Since D 6≡ ±1 (mod 9), then 3 is ramified in L,
and we have 3OK = (λ)2. where λ = 1− ζ3. We get t = 4.
If p ≡ −q ≡ 1 (mod 9), then pi ≡ pi1 ≡ pi2 ≡ 1 (mod λ3), and according to [1, Lem. 3.3, p. 17], ζ3
is norm of an element of N −{0}, so q∗ = 1. Thus, rank (Cl(σ)3 (N)) = 3, which is a contradiction.
Hence, the forms of D in this situation are
D =
{
pe1qf1 6≡ ±1 (mod 9) with p 6≡ 1 (mod 9) or q 6≡ −1(mod9)
3epe1qf1 6≡ ±1 (mod 9) with p 6≡ 1 (mod 9) or q 6≡ −1(mod9)
where e, e1, f1 ∈ {1, 2}, which are the 3th and 5th forms of D in Theorem 1.1.
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3.2.2 Radicands not divisible by a rational prime p ≡ 1 (mod 3)
If w = 0 and J = 3, then
D = 3eqf11 q
f2
2 q
f3
3 ,
where qi is a prime number such that qi ≡ 2 (mod 3), e ∈ {0, 1, 2} and fi ∈ {1, 2} for each
i ∈ {1, 2, 3}. Then:
Species 2: If D ≡ ±1 (mod 9):
1) If q1 ≡ 2 or 5 (mod 9) and q2 ≡ q3 ≡ −1 (mod 9), then according to [1, p. 17], we get a
contradiction.
2) If q1 ≡ q2 ≡ 2 or 5 (mod 9) and q3 ≡ −1 (mod 9), then according to [1, p. 17], we have
e = 0, so D = qf11 q
f2
2 q
f3
3 ≡ ±1 (mod 9), where f1, f2, f3 ∈ {1, 2}. But in this case we have
rank (Cl
(σ)
3 (N)) = 1 by [1, Thm. 1.1, p. 1-2] which is absurd.
3) If q1 ≡ q2 ≡ q3 ≡ −1 (mod 9), then we have necessary e = 0. Then D = qf11 qf22 qf33 , where
f1, f2, f3 ∈ {1, 2}, which is the 10th form of D in Theorem 1.1.
4) If q1 ≡ q2 ≡ q3 ≡ 2 or 5 (mod 9), then by [1, p. 17] we have e = 0. So, D = qf11 qf22 qf33 ≡ ±1
(mod 9), where f1, f2, f3 ∈ {1, 2}, and by [1, Thm. 1.1, p. 1-2], rank (Cl(σ)3 (N)) = 1, which
is absurd.
Species 1: If D 6≡ ±1 (mod 9):
For each i ∈ {1, 2, 3}, qi is inert in K because qi ≡ 2 (mod 3), and qi is ramified in L. As
D 6≡ ±1 (mod 9), 3 is ramified in L, so λ is ramified in N/K. Then t = 4.
If q1 ≡ q2 ≡ q3 ≡ −1 (mod 9):
For each i ∈ {1, 2, 3}, pii ≡ 1 (mod 3OK), where −qi = pii is a prime number of K. Put x =
pif11 pi
f2
2 pi
f3
3 , then N = K( 3
√
x). Since all the primes pi1, pi2 and pi3 are congruent to 1 (mod λ3),
then according to [1, Lem. 3.3, p. 17], ζ3 is a norm of an element of N − {0} and q∗ = 1. We
conclude that rank (Cl(σ)3 (N)) = 3, which is absurd.
Thus, it remains only the case where there exist i ∈ {1, 2, 3} such that qi 6≡ −1 (mod 9). Hence,
the forms of D in this situation are
D =
{
qf11 q
f2
2 q
f3
3 6≡ ±1 (mod 9), with ∃i ∈ {1, 2, 3} | qi 6≡ −1 (mod 9),
3eqf11 q
f2
2 q
f3
3 6≡ ±1 (mod 9), with ∃i ∈ {1, 2, 3} | qi 6≡ −1 (mod 9),
where e, f1, f2 and f3 ∈ {1, 2}, which are the 11th and 12th forms of D in Theorem 1.1.
3.3 Case 3:
In the case 3, 2w + J = 4 ,we either have (w = 1 and J = 2) treated in §3.3.1, or (w = 2 and
J = 0) treated in §3.3.2, or (w = 0 and J = 4) treated in §3.3.3.
3.3.1 Radicands divisible by one prime p ≡ 1 (mod 3)
If w = 1 and J = 2, then
D = 3epe1qf11 q
f2
2 ,
where p, q1 and q2 are prime numbers such that p ≡ 1 (mod 3) and q1 ≡ q2 ≡ 2 (mod 3),
e ∈ {0, 1, 2} and e1, f1, f2 ∈ {1, 2}. Then:
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Species 2: If D ≡ ±1 (mod 9):
1) If p ≡ −q1 ≡ −q2 ≡ 1 (mod 9),
By [8, § 5, p. 92], rank (Cl(σ)3 (N)) = t− 2 + q∗, where t and q∗ are defined in the notations.
Since p ≡ 1 ( mod 3), then p = pi1pi2, where pi1 and pi2 are two primes of K such that pi2 = piτ1
and pi1 ≡ pi2 ≡ 1 (mod 3OK), and the prime p is ramified in L, then pi1 and pi2 are ramified
in N . For each i ∈ {1, 2, }, qi is inert in K because qi ≡ 2 (mod 3), and qi is ramified in
L. As D ≡ ±1 (mod 9), 3 is not ramified in L, so λ is not ramified in N/K. So, t = 4. As
q1 ≡ q2 ≡ −1 (mod 9), then for each i ∈ {1, 2}, pi′i ≡ 1 (mod 3OK), where −qi = pi
′
i is a
prime number of K. Put x = −ζ23λ2pie11 pie22 pi
′f1
1 pi
′f2
2 , then N = K( 3
√
x). Since all the primes
pi1, pi2, pi
′
1 and pi
′
2 are congruent to 1 (mod λ3), then according to [1, Lem. 3.3, p. 17], ζ3 is
a norm of an element of N − {0} and q∗ = 1. We conclude that rank (Cl(σ)3 (N)) = 3, which
is absurd.
2) If p ≡ 1 (mod 9) and q1 ≡ q2 ≡ 2 or 5 (mod 9), then D = 3epe1qf11 qf22 ≡ ±3e,±4× 3e or ±
7× 3e (mod 9). Since D ≡ ±1 (mod 9), then e = 0, so the possible form for the integer D
is D = pe1qf11 q
f2
2 ≡ ±1 (mod 9), which is the 6th form of D in Theorem 1.1.
3) If p ≡ 1 (mod 9), q1 ≡ −1 (mod 9) and q2 ≡ 2 or 5 (mod 9), then D = 3epe1qf11 qf22 ≡
±2× 3e or ± 5× 3e (mod 9), so D 6≡ ±1 (mod 9), which is absurd.
4) If p ≡ 4 or 7 (mod 9) and q1 ≡ q2 ≡ −1 (mod 9). Then D = 3epe1qf11 qf22 ≡ ±4× 3e or ±
7× 3e (mod 9), so D 6≡ ±1 (mod 9), which is absurd.
5) If p ≡ 4 or 7 (mod 9) and q1 ≡ q2 ≡ 2 or 5(mod9), then D = 3epe1qf11 qf22 ≡ ±3e,±4 ×
3e or ± 7 × 3e (mod 9). Since D ≡ ±1 (mod 9), then e = 0, so the possible form of D is
D = pe1qf11 q
f2
2 ≡ ±1 (mod 9), which is the 7th form of D in Theorem 1.1.
6) If p ≡ 4 or 7 (mod 9), q1 ≡ −1 (mod 9) and q2 ≡ 2 or 5 (mod 9), then D = 3epe1qf11 qf22 ≡
3e, 4 × 3e or 7 × 3e (mod 9), since D ≡ ±1 (mod 9), then e = 0, so the form of D is
D = pe1qf11 q
f2
2 ≡ ±1 (mod 9), which is the 8th form of D in Theorem 1.1.
Species 1: If D 6≡ ±1 (mod 9): The fact that rank (Cl(σ)3 (N)) = 2 implies that t ≤ 4. We have
D = 3epe1qf11 q
f2
2 , with p ≡ 1 (mod 3) and q ≡ 2 (mod 3). We shall calculate the number of prime
ideals which are ramified in N/K. Since p ≡ 1 (mod 3), then p = pi1pi2, where pi1 and pi2 are two
primes of K such that pi2 = piτ1 and pi1 ≡ pi2 ≡ 1 (mod 3OK), and the prime p is ramified in L,
then pi1 and pi2 are ramified in N . Also q1 and q2 are inert in K, q1 and q2 are ramified in L. Since
D 6≡ ±1 (mod 9), then 3 is ramified in L, and we have 3OK = (λ)2 where λ = 1− ζ3. Hence, t = 5
which contradicts the fact that t ≤ 4. Rejected case.
3.3.2 Radicands divisible by two rational primes p ≡ 1 (mod 3)
If w = 2 and J = 0, then
D = 3epe11 p
e2
2 ,
where p1 and p2 are prime numbers such that p1 ≡ p2 ≡ 1 (mod 3), e ∈ {0, 1, 2} and e1, e2 ∈ {1, 2}.
We shall calculate the number of prime ideals which are ramified in N/K. Since p1 ≡ p2 ≡
1 (mod 3), then p1 = pi1pi2 and p2 = pi3pi4, where pi1, pi2, pi3 and pi4 are primes of K such that
pi2 = pi
τ
1 , pi4 = piτ3 , and pi1 ≡ pi2 ≡ pi3 ≡ pi4 ≡ 1 (mod 3OK), and the primes p1 and p2 are ramified
in L, then pi1, pi2, pi3, and pi4 are ramified in N .
Species 2: D ≡ ±1 (mod 9), 3 is not ramified in L, so λ is not ramified in N/K. Then t = 4.
Assuming p1 ≡ p2 ≡ 1 (mod 9). Since 3 = −ζ23λ2, thenN = K( 3
√
x), where x = −ζ23λ2pie11 pie12 pie23 pie24 .
Since all the primes pi1, pi2, pi3 and pi4 are congruent to 1 (mod λ3), then according to [1, Lem.
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3.3, p. 14], ζ3 is norm of an element of N−{0} and q∗ = 1. We conclude that rank (Cl(σ)3 (N)) = 3,
which is an absurd.
It remains the case where p1 6≡ 1 (mod 9) or p2 6≡ 1 (mod 9), this case implies that pe11 pe22 ≡ 1, 4
or 7 (mod 9), then D = 3epe11 p
e2
2 ≡ 3e, 4× 3e or 7× 3e (mod 9). Since D ≡ ±1 (mod 9), we have
necessarily e = 0, then the possible form of the integer D in this case is:
D = pe11 p
e2
2 ≡ ±1 (mod 9),
with e1, e2 ∈ {1, 2}, which is the 4th form of D in Theorem 1.1.
Species 1: D 6≡ ±1 (mod 9), 3 is ramified in L, so λ is ramified in N/K. Then t = 5. In this
case, we conclude that rank (Cl(σ)3 (N)) ≥ 3, which is absurd.
3.3.3 Radicands not divisible by a rational prime p ≡ 1 (mod 3)
If w = 0 and J = 4, then
D = 3eqf11 q
f2
2 q
f3
3 q
f4
4 ,
where qi is a prime number such that qi ≡ 2 (mod 3), e ∈ {0, 1, 2} and fi ∈ {1, 2} for each
i ∈ {1, 2, 3, 4}. Then:
Species 2: If D ≡ ±1 (mod 9). Then:
1) If q1 ≡ q2 ≡ q3 ≡ q4 ≡ −1 (mod 9):
For each i ∈ {1, 2, 3, 4}, qi is inert in K because qi ≡ 2 (mod 3), and qi is ramified in L.
As D ≡ ±1 (mod 9), 3 is not ramified in L, so λ is not ramified in N/K. Then t = 4.
Since q1 ≡ q2 ≡ q3 ≡ q4 ≡ −1 (mod 9), then for each i ∈ {1, 2, 3, 4}, pii ≡ 1 (mod 3OK),
where −qi = pii is a prime number of K. Put x = −ζ23λ2pif11 pif22 pif33 pif44 , then N = K( 3
√
x).
Since all the primes pi1, pi2, pi3 and pi4 are congruent to 1 (mod λ3), then according to [1,
Lem. 3.3, p. 14], ζ3 is a norm of an element of N − {0} and q∗ = 1. We conclude that
rank (Cl
(σ)
3 (N)) = 3, which is absurd.
2) If ∃i ∈ {1, 2, 3, 4} such that qi 6≡ −1 (mod 9), then D = 3eqf11 qf22 qf33 qf44 ≡ ±3e,±4 ×
3e or ± 7 × 3e (mod 9), since D ≡ ±1 (mod 9), then e = 0, so the possible form of D is
D = qf11 q
f2
2 q
f3
3 q
f4
4 ≡ ±1 (mod 9), which is the 13th form of D in Theorem 1.1.
Species 1: If D 6≡ ±1 (mod 9):
For each i ∈ {1, 2, 3, 4}, qi is inert in K because qi ≡ 2 (mod 3), and qi is ramified in L. As
D 6≡ ±1 (mod 9), 3 is ramified in L, so λ is ramified in N/K. Then t = 5. We conclude that
rank (Cl
(σ)
3 (N)) = 3 or 4, which is absurd.
3.4 Proof of rank two for each case:
We shall prove that if the integerD takes one of the forms given in Theorem 1.1, then rank (Cl(σ)3 (N)) =
2:
3.4.1 Case where D = 3epe1 6≡ ±1 (mod 9), with p ≡ 1 (mod 9).
Since Q( 3
√
ab2) = Q( 3
√
a2b) for a, b ∈ N, we can choose e1 = 1, so D = 3ep with e ∈ {1, 2}.
As p ≡ 1 (mod 3), then p = pi1pi2, where pi1 and pi2 are primes of K such that piτ1 = pi2 and
pi1 ≡ pi2 ≡ 1 (mod 3OK), and p is totally ramified in L. So pi1ON = P31 and pi2ON = P32 where
P1,P2 are two prime ideals of N . The fact that D 6≡ ±1 ( mod 9) implies that 3 is totally ramified
in L, then λ is ramified in N/K. So the number of ideals which are ramified in N/K is t = 3.
As 3 = −ζ23λ2, then N = K( 3
√
x), where x = ζ23λ2pi1pi2. If p ≡ 1 (mod 9), then pi1 and pi2 are
congruent to 1 (mod λ3), so by [1, Lem. 3.3, p. 14], ζ3 is a norm of an element of N − {0} and
q∗ = 1, thus rank (Cl(σ)3 (N)) = 2.
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3.4.2 Case where D = pe1qf1 , with p ≡ −q ≡ 1 (mod 9).
Here e1, f1 ∈ {1, 2}. Since Q( 3
√
ab2) = Q( 3
√
a2b) for a, b ∈ N, we can choose e1 = 1, so D = pqf1 .
As D ≡ ±1 (mod 9), 3 is not ramified in the field L, and then λ is not ramified in N/K. the fact
that p ≡ 1 (mod 3), implies that p = pi1pi2, where pi1 and pi2 are primes of K such that piτ1 = pi2
and pi1 ≡ pi2 ≡ 1 (mod 3OK), since p is totally ramified in L, then pi1 and pi2 are totally ramified
in N . As q ≡ −1 (mod 3), q is inert in K. Then, the primes ramified in N/K are pi1, pi2 and q,
and t = 3. Since p ≡ −q ≡ 1 (mod 9), then pi1 ≡ pi2 ≡ pi ≡ 1 (mod λ3), where −q = pi is a prime
number of K. Then, N = K( 3
√
x), where x = pie11 pi
e1
2 pi
f1 . The fact that all primes pi, pi1 and pi2
are congruent to 1 (mod λ3), implies by [1, Lem. 3.3, p. 14] that ζ3 is a norm of an element of
N − {0} and q∗ = 1. Hence, rank (Cl(σ)3 (N)) = 2
3.4.3 Case where D = pe1qf1 6≡ ±1 (mod 9), with p 6≡ 1 (mod 9) or q 6≡ −1(mod9).
Here e1, f1 ∈ {1, 2}. As Q( 3
√
ab2) = Q( 3
√
a2b) ∀a, b ∈ N, we can choose e1 = 1, i.e D = pqf1 .
Since D 6≡ ±1 (mod 9), then 3 is ramified in the field L, so λ = 1 − ζ3 is ramified in N/K.
Since p ≡ 1 (mod 3), then p = pi1pi2, where pi1 and pi2 are primes of K such that piτ1 = pi2 and
pi1 ≡ pi2 ≡ 1 (mod 3OK), the prime p is totally ramified in L, so pi1 and pi2 are totally ramified in
N . Since q ≡ −1 (mod 3), then q is inert in K. Thus the primes ramified in N/K are pi1, pi2 and
q, and t = 4.
Let −q = pi be a prime number of K, and put x = pie11 pie12 pif1 , then N = K( 3
√
x). Then:
• If p 6≡ 1 (mod 9), then by [1, Lem. 3.1, p. 13], pi1 6≡ 1 (mod λ3) and pi2 6≡ 1 (mod λ3), then
according to [1, Lem. 3.3, p. 17], ζ3 is not a norm of an element of N − {0}.
• If q 6≡ −1(mod9), then by [1, Lem. 3.2, p. 13], pi 6≡ 1 (mod λ3), then according to [1, Lem.
3.3, p. 14], ζ3 is not a norm of an element of N − {0}.
In all cases we have q∗ = 0. We conclude that rank (Cl(σ)3 (N)) = 2.
3.4.4 Case where D = pe11 p
e2
2 ≡ ±1 (mod 9), with ∃i ∈ {1, 2} | pi 6≡ 1 (mod 9).
Here e1, e2 ∈ {1, 2}. We have p1 = pi1pi2 and p2 = pi3pi4, where pi1, pi2, pi3 and pi4 are primes of K
such that pi2 = piτ1 , pi4 = piτ3 , and pi1 ≡ pi2 ≡ pi3 ≡ pi4 ≡ 1 (mod 3OK), and since p1 and p2 are
ramified in L, then pi1, pi2, pi3, and pi4 are ramified in N . The fact that D ≡ ±1 (mod 9) implies
that 3 is not ramified in L, so λ is not ramified in N/K. Then we get t = 4.
As p1 6≡ 1 (mod 9) or p2 6≡ 1 (mod 9), then by [1, Lem. 3.1, p. 13], ∃i ∈ {1, 2, 3, 4} such that
pii is not congruent to 1 (mod λ3), then according to [1, Lem. 3.3, p. 14], ζ3 is not norm of an
element of N − {0} and q∗ = 0. Hence, rank (Cl(σ)3 (N)) = 2.
3.4.5 Case where D = 3epe1qf1 6≡ ±1 (mod 9), with p 6≡ 1 (mod 9) or q 6≡ −1(mod9).
Here e1, f1 ∈ {1, 2}. As Q( 3
√
ab2) = Q( 3
√
a2b) ∀a, b ∈ N, we can choose e1 = 1, i.e D = 3epqf1 .
Since D 6≡ ±1 (mod 9), we reason as in case (3) and we obtain t = 4. Since 3 = −ζ23λ2, then
N = K( 3
√
x), where x = ζ23λ2pi
e1
1 pi
e1
2 pi
f1 . As in case (3), if p 6≡ 1 (mod 9) or q 6≡ −1 (mod 9),
then by using [1, Lem. 3.1, Lem. 3.2, Lem. 3.3, p. 13-14], we get ζ3 is not a norm of an element
of N − {0} and q∗ = 0. We conclude that rank (Cl(σ)3 (N)) = 2.
3.4.6 Case where D = pe1qf11 q
f2
2 ≡ ±1 (mod 9), with p ≡ 1 (mod 9) and q1 ≡ q2 ≡ 2 or 5
(mod 9).
Here e1, f1 ∈ {1, 2}. As Q( 3
√
ab2) = Q( 3
√
a2b) ∀a, b ∈ N, we can choose e1 = 1, i.e D = pqf11 qf22 .
Since D ≡ ±1 (mod 9), then 3 is not ramified in the field L, so λ is not ramified in N/K.
Since p ≡ 1 (mod 3), then p = pi1pi2, where pi1 and pi2 are primes of K such that piτ1 = pi2 and
pi1 ≡ pi2 ≡ 1 (mod 3OK), the prime p is totally ramified in L, so pi1 and pi2 are totally ramified
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in N . Since q1 ≡ q2 ≡ −1 (mod 3), then q1 and q2 are inert in K. Thus the primes ramified in
N/K are pi1, pi2, q1, and q2. Then, t = 4.
Let −q1 = pi′ and −q2 = pi′′ be two prime numbers of K, and put x = pie11 pie12 pi
′f1pi
′′f2 , then N =
K( 3
√
x). As q1 6≡ −1(mod9), then by [1, Lem. 3.2, p. 13], pi′ 6≡ 1 (mod λ3), then according to [1,
Lem. 3.3, p. 14], ζ3 is not a norm of an element of N −{0}, so q∗ = 0. Thus, rank (Cl(σ)3 (N)) = 2.
3.4.7 Case where D = pe1qf11 q
f2
2 ≡ ±1 (mod 9), with p ≡ −q1 ≡ −q2 ≡ 4 or 7 (mod 9).
We reason as in case (6), we get t = 4 and q∗ = 0, then rank (Cl(σ)3 (N)) = 2.
3.4.8 Case where D = pe1qf11 q
f2
2 ≡ ±1 (mod 9), with p ≡ −q2 ≡ 4 or 7(mod9) and q1 ≡
−1(mod9).
We reason as in case (6), we get t = 4 and q∗ = 0, then rank (Cl(σ)3 (N)) = 2.
3.4.9 Case where D = 3eqf11 q
f2
2 6≡ ±1 (mod 9), with q1 ≡ q2 ≡ −1 (mod 9).
Here e, f1, and f2 ∈ {1, 2}. Since Q( 3
√
ab2) = Q( 3
√
a2b) for a, b ∈ N, we can choose e = 1, so
D = 3qf11 q
f2
2 . The prime qi is inert in K for each i ∈ {1, 2}, and qi is ramified in L. The fact
that D 6≡ ±1 (mod 9) implies that 3 is ramified in L, then λ is ramified in N/K. Hence t = 3.
As 3 = −ζ23λ2, then N = K( 3
√
x) where x = ζ23λ2pi
f1
1 pi
f2
2 , and for i ∈ {1, 2}, −qi = pii is a prime
number of K. If q1 ≡ q2 ≡ −1 (mod 9), then all primes pi1, pi2 are congruent to 1 (mod λ3),
so by [1, Lem. 3.3, p. 14] we have ζ3 is norm of an element of N − {0} and q∗ = 1. Thus
rank (Cl
(σ)
3 (N)) = 2.
3.4.10 Case where D = qf11 q
f2
2 q
f3
3 , with q1 ≡ q2 ≡ q3 ≡ −1 (mod 9).
The prime qi is inert in K for each i ∈ {1, 2, 3}, because qi ≡ 2 (mod 3), and qi is ramified in
L. Since D ≡ ±1 (mod 9), then 3 is not ramified in L, and then λ is not ramified in N/K. So
t = 3. Since qi ≡ −1 (mod 9), then pii ≡ 1 (mod 3OK), where −qi = pii is a prime number of K.
Thus N = K( 3
√
x) with x = pif11 pi
f2
2 pi
f3
3 . The fact that all primes pi1, pi2 and pi3 are congruent to
1 (mod λ3) implies by [1, Lem. 3.3, p. 14] that ζ3 is a norm of an element of N −{0} and q∗ = 1.
Hence, rank (Cl(σ)3 (N)) = 2,
3.4.11 Case where D = qf11 q
f2
2 q
f3
3 6≡ ±1 (mod 9), with ∃i ∈ {1, 2, 3} | qi 6≡ −1 (mod 9).
For each i ∈ {1, 2, 3}, qi is inert in K because qi ≡ 2 (mod 3), and qi is ramified in L. As D 6≡ ±1
(mod 9), 3 is ramified in L, so λ is ramified in N/K. Then t = 4.
If ∃i ∈ {1, 2, 3} such that qi 6≡ −1 (mod 9), then we have −qi = pii is a prime number of K. Put
x = pif11 pi
f2
2 pi
f3
3 , then N = K( 3
√
x). According to [1, Lem. 3.2, p. 13], there exists a prime pii not
congruent to 1 (mod λ3), then by [1, Lem. 3.3, p. 14], ζ3 is not a norm of an element of N − {0}
and q∗ = 0. We conclude that rank (Cl(σ)3 (N)) = 2.
3.4.12 Case where D = 3eqf11 q
f2
2 q
f3
3 6≡ ±1 (mod 9), with ∃i ∈ {1, 2, 3} | qi 6≡ −1 (mod 9).
We reason as in case 3.4.11, we get t = 4 and q∗ = 0, then rank (Cl(σ)3 (N)) = 2.
3.4.13 Case where D = qf11 q
f2
2 q
f3
3 q
f4
4 ≡ ±1 (mod 9), with ∃i ∈ {1, 2, 3, 4} | qi 6≡ −1 (mod 9).
For each i ∈ {1, 2, 3, 4}, qi is inert inK because qi ≡ 2 (mod 3), and qi is ramified in L. AsD ≡ ±1
(mod 9), 3 is not ramified in L, so λ is not ramified in N/K. Then t = 4. Put x = pif11 pi
f2
2 pi
f3
3 pi
f4
4 ,
then N = K( 3
√
x). If there exists i ∈ {1, 2, 3, 4} such that qi 6≡ −1 (mod 9), then by [1, Lem.
3.2, p. 13], pii 6≡ 1 (mod 3OK), where −qi = pii is a prime number of K, then according to [1,
13
Lem. 3.3, p. 14], ζ3 is not a norm of an element of N − {0} and q∗ = 0. We conclude that
rank (Cl
(σ)
3 (N)) = 2.
4 3-class groups of pure cubic fields and of their Galois clo-
sures
In this section, we present the structure of the 3-class groups of pure cubic fields L and of their
Galois closures N in the case where conductors f are with splitting prime divisors.
Table 1 treats conductors f = 9p1 of species 1a, where p1 ≡ 1 (mod 9).
Table 1: Radicand of species 1a with m = 2
D 3e p1 Cl3(L) Cl3(N)
57 3 19 (3) (3, 3)
111 3 37 (3) (3, 3, 3)
219 3 73 (3, 3) (9, 3, 3)
327 3 109 (3) (3, 3)
1629 32 181 (3) (3, 3)
1791 32 199 (3) (3, 3)
Table 2 deals with conductors f = p1q1 of species 2, where p1 ≡ −q1 ≡ 1 (mod 9).
Table 2: Radicand of species 2 with m = 2
D p1 q1 Cl3(L) Cl3(N)
323 19 17 (3) (3, 3)
1241 73 17 (9, 3) (9, 3, 3, 3)
3401 19 179 (27, 3) (27, 9, 3, 3)
6623 37 179 (9, 3) (27, 9, 3)
14381 73 197 (9, 3) (9, 9, 3, 3)
Table 3 concerns conductors f = 3p1q1 of species 1b, where p1 ≡ 1 (mod 9) and q1 ≡ 2, 5
(mod 9).
Table 3: Radicand of species 1b with m = 2
D p1 q1 Cl3(L) Cl3(N)
38 19 2 (3) (3, 3)
209 19 11 (9, 3) (9, 9, 3)
779 19 41 (3) (3, 3)
2147 19 113 (9, 3) (27, 9, 3)
3629 19 191 (9, 3) (9, 9, 3)
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Table 4 treats conductors f = 9p1q1 of species 1a, where p1 ≡ 4, 7 (mod 9) and q1 ≡ 2 (mod 3).
Table 4: Radicand of species 1a with m = 4
D 3e p1 q1 Cl3(L) Cl3(N)
342 32 19 2 (9, 3) (9, 9, 3)
555 3 37 5 (3) (3, 3)
3663 32 37 11 (3) (3, 3)
5757 3 19 101 (3, 3) (9, 3, 3)
6441 3 19 113 (3) (3, 3)
9519 3 19 167 (27, 3) (27, 27, 3)
Table 5 deals with conductors f = p1q1q2 of species 2, where p1 ≡ 1 (mod 9) and q1 ≡ q2 ≡ 2, 5
(mod 9).
Table 5: Radicand of species 2 with m = 2
D p1 q1 q2 Cl3(L) Cl3(N)
190 19 2 5 (3) (3, 3)
874 19 2 23 (3, 3) (9, 3, 3)
1558 19 41 2 (3) (3, 3)
9361 37 11 23 (27, 3) (27, 9, 3, 3)
24679 37 23 29 (9, 3) (9, 9, 3, 3)
43993 37 29 41 (3) (3, 3)
Remark 4.1. In Tables 1, 2, 3, 4, and 5, the structure of the 3-class group Cl3(N) is indepen-
dently of the cubic residue symbol
(
3
p1
)
3
. Furthermore, rank (Cl3(N)) = rank (Cl
(σ)
3 (N)) or
1 + rank (Cl
(σ)
3 (N)) or 2 + rank (Cl
(σ)
3 (N)). Consequently, there arises the following questions:
• Is the ambiguous 3-class group Cl(σ)3 (N) a good approximation of the complete 3-class group
Cl3(N) or the difference rank (Cl3(N))− rank (Cl(σ)3 (N)) my be arbitrarily large?
• Is the type α or γ impact on 3-class groups for being elementary or non-elementary groups?.
5 Conclusion
We have characterized all Kummer extensions N/K, which possess a relative 3-genus field N∗
with elementary bicyclic Galois group Gal(N∗/N), by precisely thirteen forms of radicands D of
N = Q( 3
√
D, ζ3) with up to four prime divisors, at most two among them congruent to 1 modulo 3.
We will continue this study in [2] by giving rise new phenomena concerning the chain Θ = (θi)i∈Z
of lattice minima in the underlying pure cubic subfield L = Q( 3
√
D) of N .
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